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a b s t r a c t
We consider the {k}-domination number γ{k}(G) of a graph G and the Cartesian product
GH and the strong direct product G  H of graphs G and H . We prove that for integers
k,m ≥ 1, γ{k}(G  H) ≥ γ{γ{k}(H)}(G) and γ{km}(G  H) ≤ γ{k}(G)γ{m}(H), from which
earlier results obtained by Fisher on γ (GH) and Fisher et al. on the fractional domination
number γf (G  H) were derived. We extend a result from Brešar et al. on γ (GH) for
claw-free graphs G. We also point out some sufficient conditions for graphs to satisfy the
generalized form of Vizing’s conjecture suggested by Hou and Lu.
© 2012 Elsevier B.V. All rights reserved.
1. Introduction and discussion of results
Let G be a simple graph. The open neighborhood of a vertex v ∈ V (G) is the set of vertices that are adjacent to v in G
and is denoted by NG(v). The closed neighborhood of v is NG[v] = NG(v) ∪ {v}. A set S ⊆ V (G) is a dominating set of G if
NG[S] = V (G), where NG[S] = ∪v∈S NG[v]. The domination number γ (G) of G is the cardinality of a minimum dominating
set. For graphs G and H , the Cartesian product GH is the graph with vertex set V (G)× V (H) and two vertices are adjacent
if and only if they are equal in one coordinate and adjacent in the other. Vizing [10] made the following conjecture in 1963.
Conjecture 1 (Vizing [10]). For any graphs G and H,
γ (GH) ≥ γ (G)γ (H).
The reader is referred to the survey by Hartnell and Rall [8] for early results related to the conjecture. Clark and Suen [4]
later proved that for any graphs G and H ,
γ (GH) ≥ 1
2
γ (G)γ (H). (1)
The survey by Brešar et al. [1] contains recent developments of concepts such as fair domination [3] in tackling the conjecture
as well as other Vizing-type inequalities.
For integer k ≥ 1 and graph G = (V , E), a function f : V → {0, 1, 2, . . .} is a {k}-dominating function of G if for every
v ∈ V , f (NG[v]) ≥ k, where f (S), for S ⊆ V , denotesv∈S f (v). Theweight of f is f (V ). The {k}-domination number, denoted
by γ{k}(G), ofG is theminimumweight of a {k}-dominating function ofG. Note that γ{1}(G) = γ (G). Hou and Lu [9] suggested
the following conjecture which is a generalized form of Vizing’s conjecture.
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Conjecture 2 (Hou and Lu [9]). For any graphs G and H and integer k ≥ 1,
γ{k}(GH) ≥ 1kγ{k}(G)γ{k}(H). (2)
The main focus in this paper is the {k}-domination number of strong direct products. The strong direct product G  H
is the graph with vertex set V (G) × V (H) and edges such that the closed neighborhood of a vertex (u, v) is NGH [u, v] =
NG[u]×NH [v]. Note that since GH is a subgraph of GH , we have γ{k}(GH) ≥ γ{k}(GH). We shall prove the following
theorem.
Theorem 1. Let G and H be graphs. Then for k ∈ Z+,
γ{k}(G  H) ≥ γ{γ{k}(H)}(G), (3)
and for k,m ∈ Z+,
γ{km}(G  H) ≤ γ{k}(G)γ{m}(H). (4)
Theorem 1 gives two corollaries concerning fractional domination. A function f : V → [0, 1] is a fractional dominating
function if f (NG[v]) ≥ 1 for every v ∈ V . The fractional domination number, denoted by γf (G), is the minimum weight of a
fractional domination function. A set S ⊆ V is a 2-packing if NG[u] ∩ NG[v] = ∅ for every pair of distinct vertices u, v in S.
The 2-packing number of G is denoted by P2(G) and is equal to the cardinality of a maximum 2-packing. It is known (Domke
et al. [5]) that for a graph G,
P2(G) ≤ γf (G) ≤ 1kγ{k}(G) ≤ γ (G), for k ≥ 1, (5)
and that γf (G) = min
 1
kγ{k}(G) : k ≥ 1

. For a graph G, since the function γ{k}(G) is subadditive, that is,
γ{k+m}(G) ≤ γ{k}(G)+ γ{m}(G), for k,m ≥ 1, (6)
it is easy to deduce that if γ{k}(G) = kγ (G) for some k ≥ 1, then γ{m}(G) = mγ (G) for all 1 ≤ m ≤ k. In addition, it follows
from (5) that if P2(G) = γ (G), then γ{k}(G) = kγ (G) for all k ≥ 1, and Brešar et al. [2] gave a sufficient condition for graphs
Gwith γ{k}(G) < kγ (G) for all k > 1.
Since γ{γ{k}(H)}(G) ≥ γf (G)γ{k}(H) because of (5), inequality (3) immediately gives (7) in the corollary below. (When
k = 1, inequality (7) is a result of Fisher [6].) If γf (G) = γ (G), then (4) and (7) give that γ{k}(G  H) = γ (G)γ{k}(H), for any
graph H and k ≥ 1. The converse of this statement is true because on taking H = K1, then γ{k}(G) = kγ (G) for k ≥ 1, which
implies γf (G) = γ (G) because of (5). We therefore have the following corollary.
Corollary 2. For graphs G,H and k ∈ Z+,
γ{k}(G  H) ≥ γf (G)γ{k}(H). (7)
In particular, for graph G, γf (G) = γ (G) if and only if
γ{k}(G  H) = γ (G)γ{k}(H) for every graph H and k ≥ 1. (8)
We can also apply Theorem 1 to obtain the following corollary which was first proved in Fisher et al. [7].
Corollary 3 (Fisher et al. [7]). For any graphs G and H,
γf (G  H) = γf (G)γf (H).
Corollary 2 has some implications for earlier results from Brešar et al. [2], and from Hou and Lu [9]. The reader is referred
to [2] for the background on {k}-domination of products of graphs.
Theorem 4 (Brešar et al. [2]). For any k ≥ 1 and any graphs G and H,
max{γ{k}(G)P2(H), γ{k}(H)P2(G)} ≤ γ{k}(G  H) ≤ min{γ{k}(G)γ (H), γ (G)γ{k}(H)}.
Theorem 5 (Hou and Lu [9]). Let G and H be graphs and k ∈ Z+. Then
γ{k}(GH) ≥ P2(G)γ{k}(H), (9)
and if m = γ{k}(G)− kP2(G) > 0, then
γ{k}(GH) ≥ P2(G)γ{k}(H)+ γ{m}(H). (10)
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Since GH is a subgraph of G  H , note that (7) is in general an improvement of (9) and the lower bound given in
Theorem 4, while (4) generalized the upper bound. We also remark that Theorem 1 also implies
γ{k}(GH) ≥ γ{γ{k}(H)}(G),
but this lower bound is implied by (10) because ifm = γ{k}(H)− kP2(H), then using (6),
γ{γ{k}(H)}(G) = γ{m+kP2(H)}(G) ≤ P2(H)γ{k}(G)+ γ{m}(G),
which is (10) (with the roles of G and H swapped). The Hou and Lu lower bound for γ (GH) however does not hold
for γ (G  H). The reader can check that for G = H = C4 and k = 1, we have m = 1 and γ (G  H) = 3 while
P2(H)γ (G)+ γ (G) = 4.
With regard to Conjecture 2, note that (7) also implies that for any graphs G and H , there are infinitely many values of
k

obtained by taking, for example, values of k such that γf (G) = 1kγ{k}(G)

for which
γ{k}(GH) ≥ γ{k}(G  H) ≥ 1kγ{k}(G)γ{k}(H).
That is, for any graphs G and H , inequality (2) in Conjecture 2 holds for infinitely many values of k. In addition, if G is such
that γf (G) = γ (G), then (8) shows that (2) in Conjecture 2 holds for all k ≥ 1 and all graphs H .
We now switch focus to {k}-domination in Cartesian products, andwe shall give an infinite family of graphs G that satisfy
γf (G) = γ (G). Brešar et al. [1] applied the idea behind the proof of (1) to claw-free graphs. A claw-free graph is a graph that
does not contain the star K1,3 as an induced subgraph. A set S of vertices in a graph G is independent if no two distinct vertices
in S are adjacent to each other. The independence number ofG is denoted byα(G) and is equal to the cardinality of amaximum
independent set. It is known that γ (G) ≤ α(G) for any graph G because a maximal independent set is a dominating set.
Theorem 6 (Brešar et al. [1]). Let G be a claw-free graph. Then for any graph H without isolated vertices,
γ (GH) ≥ 1
2
α(G)(γ (H)+ 1).
In particular, γ (GH) ≥ 12γ (G)(γ (H)+ 1).
We adapt the proof of Theorem 6 in Brešar et al. [1] to prove the following theorem on {k}-domination in K1,l-free graphs.
A K1,l-free graph is a graph that does not contain the star K1,l as an induced subgraph.
Theorem 7. For l ≥ 3, let G be a K1,l-free graph. Then for any graph H and any k ≥ 1,
γ{k}(GH) ≥ 1l− 1α(G)γ{k}(H).
In the spirit of Theorem 6 (Brešar et al. [1]), the corollary below gives a small improvement to Theorem 7 by placing a
mild condition on H .
Corollary 8. Assume l ≥ 3 and k ≥ 1. Let G be a K1,l-free graph. If H is a graph satisfying
|V (H)| ≥ 1
k

γ{k}(H)+ l− 2

(11)
then
γ{k}(GH) ≥ 1l− 1α(G)

γ{k}(H)+ l− 2

.
Remarks. Condition (11) is a mild one because if k ≥ l− 2 and H has at least one edge, then
|V (H)| ≥ γ (H)+ 1 ≥ 1
k

γ{k}(H)+ l− 2

,
which is condition (11).
Let G be a K1,l-free graph with α(G) ≥ (l− 1)γ (G). Then on taking H = K1, Theorem 7 implies
γ{k}(G) ≥ kγ (G), any k ≥ 1. (12)
Since γ{k}(G) ≤ kγ (G), we have γ{k}(G) = kγ (G) for all k ≥ 1, which implies γf (G) = γ (G). Corollary 2 now gives the
following result.
Corollary 9. For l ≥ 3, let G be a K1,l-free graph with α(G) ≥ (l− 1)γ (G). Then γ (G) = γf (G), and for any graph H and k ≥ 1,
γ{k}(G  H) = γ (G)γ{k}(H). (13)
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Fig. 1. Example of a K1,5-free graph with α(G) ≥ 4γ (G).
We give below a K1,5-free graph G satisfying α(G) ≥ 4γ (G) and P2(G) < γ (G). Corollary 9 gives that γf (G) = γ (G).
Fisher in [6] gave an example of a graph with nine vertices satisfying
P2(G) < γf (G) = γ (G). (14)
Our example gives an infinite family of graphs satisfying (14).
For 0 ≤ i < n, let Ui = {ui, vi, wi, zi} and Vi = {xi, yi,1, yi,2, yi,3, yi,4} ∪ Ui. Note that the graph G in Fig. 1 has vertex set
V0 ∪ V1 ∪ · · · Vn−1. The edges in G are such that the subgraph induced by Vi − Ui, for each i, is K1,4. The vertices in Ui are
added to connect the nK1,4’s such that the resulting graph G is K1,5-free, γ (G) = n, α(G) ≥ 4γ (G) and P2(G) < γ (G). (To
be specific, the edges involving the vertices in Ui are as follows. The vertices in Ui form an induced cycle, each of yi,1, yi,2 is
adjacent to ui, vi, vi−1, zi−1, each of yi,3, yi,4 is adjacent towi, zi, ui−1, wi−1, and each xi is adjacent to every vertex inUi∪Ui−1,
where the i− 1 in the subscripts is modulo n.)
We indicate briefly how we check that the graph G in Fig. 1, with n ≥ 2, is K1,5-free, and satisfies γ (G) = n, α(G) ≥
4γ (G), P2(G) < γ (G). It is K1,5-free because we check, exhaustively, that none of the vertices in Vi can be the center of an
induced K1,5. Also, γ (G) ≥ n because if S is a dominating set and |S ∩ Vi| = 0, then |S ∩ Ui−1| ≥ 2, and γ (G) ≤ n because
{xi : 0 ≤ i < n} is a dominating set. Since {yi,j : 0 ≤ i < n, 1 ≤ j ≤ 4} is an independent set, we have α(G) ≥ 4n. For
checking that P2(G) < γ (G), we first note that if P is a 2-packing of G, then |P ∩ Vi| ≤ 1. When n = 2, it is easy to check that
|P| ≤ 1. For n ≥ 3, we show that |P ∩ Vi| = |P ∩ Vi−1| = 1 implies P ∩ Vi−2 = ∅.
The proofs of Theorem 1, Corollary 3, Theorem 7 and Corollary 8 are given in the next section.
2. Proofs
Proof of Theorem 1. To prove (3), let f : V (G) × V (H) → {0, 1, 2, . . .} be a minimum {k}-dominating function of G  H .
Then we have
γ{k}(G  H) = f (V (G)× V (H)).
Define the function η : V (G)× V (H)→ {0, 1, 2, . . .} by
η(g, h) =

g ′∈NG[g]
f (g ′, h).
Then for each g ∈ V (G), we have
h′∈NH [h]
η(g, h′) =

h′∈NH [h]

g ′∈NG[g]
f (g ′, h′) = f (NGH [g, h]) ≥ k,
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where the last inequality follows from the definition that f is a {k}-dominating function of G  H . Thus, for each g ∈ V (G),
the function η(g, ·) is a {k}-dominating function of H , and it therefore follows that
h∈V (H)
η(g, h) ≥ γ{k}(H), g ∈ V (G). (15)
Define the function ξ : V (G)→ {0, 1, 2, . . .} by
ξ(g) =

h∈V (H)
f (g, h).
Then for each g ∈ V (G), we have from (15) that
g ′∈NG[g]
ξ(g ′) =

g ′∈NG[g]

h∈V (H)
f (g ′, h) =

h∈V (H)
η(g, h) ≥ γ{k}(H).
This shows that ξ is a {γ{k}(H)}-dominating function of G, and hence
g∈V (G)
ξ(g) ≥ γ{γ{k}(H)}(G).
Inequality (3) now follows because
g∈V (G)
ξ(g) = f (V (G)× V (H)) = γ{k}(G  H).
To prove (4), let κ be a minimum {k}-dominating function of G and µ be a minimum {m}-dominating function of H . Let
f : V (G)× V (H)→ {0, 1, 2, . . .} be defined by
f (g, h) = κ(g)µ(h), (g, h) ∈ V (G)× V (H).
Then for each (g, h) ∈ V (G)× V (H), we have
(g ′,h′)∈NGH [g,h]
f (g ′, h′) =

g ′∈NG[g]

h′∈NH [h]
κ(g ′)µ(h′)
=
 
g ′∈NG[g]
κ(g ′)
 
h′∈NH [h]
µ(h′)

≥ km,
where the last inequality follows from the definitions of κ and µ. Thus f is a {km}-dominating function of G  H . This gives
γ{k}(G)γ{m}(H) =

g∈V (G)
κ(g)

h∈V (H)
µ(h)
=

g∈V (G)

h∈V (H)
f (g, h)
≥ γ{km}(G  H).
This completes our proof of (4). 
Proof of Corollary 3. We first observe that
kγf (G  H) ≥ γ{γ{k}(H)}(G) ≥ γf (G)γ{k}(H),
where the first inequality follows from (3) in Theorem 1, on choosing k such that γ{k}(G  H) = kγf (G  H), and the second
inequality follows from (5). Since 1kγ{k}(H) ≥ γf (H) (see (5)), we now have
γf (G  H) ≥ γf (G)γf (H).
Next, on choosing k andm such that
γ{k}(G) = kγf (G) and γ{m}(H) = mγf (H),
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inequality (4) gives
kmγf (G)γf (H) ≥ γ{km}(G  H).
Since 1kmγ{km}(G  H) ≥ γf (G  H) (see (5)), we have
γf (G)γf (H) ≥ γf (G  H).
The corollary is now proved. 
Remarks. Note that our proof of the corollary does not appeal to the duality theorem of linear programming.
It remains to prove Theorem 7 and Corollary 8. We first define some notation. For a Cartesian product graph GH, g ∈
V (G), and h ∈ V (H), we use Hg and Gh to denote the subgraphs of GH induced by {g}×V (H) and V (G)×{h} respectively.
Note thatHg andGh are isomorphic copies ofH andG respectively.We imagine that the vertices ofG are in the horizontal axis
and the vertices of H are likewise in the vertical axis. Thus the vertex set of Hg , for g ∈ V (G), is V (Hg) = {(g, h) : h ∈ V (H)}
and these vertices are parallel to the vertical axis, and in this respect, we sometimes call Hg a vertical copy of H . Similarly for
h ∈ V (H),Gh is sometimes referred to as a horizontal copy of G. For vertex (g, h) ∈ V (GH), we use NG(g, h) = NGh(g, h)
and NH(g, h) = NHg (g, h) respectively to denote the horizontal open neighborhood and vertical open neighborhood of (g, h).
That is,
NG(g, h) = {(g ′, h) : g ′ ∈ NG(g)}, NH(g, h) = {(g, h′) : h′ ∈ NH(h)}.
The closed neighborhoods NG[g, h] and NH [g, h] are defined similarly. Note that
NGH [g, h] = NH [g, h] ∪ NG(g, h). (16)
Proof of Theorem 7. Let f be a minimum {k}-dominating function of GH . Therefore, we have
γ{k}(GH) = f (V (GH)),
and for (g, h) ∈ V (G)× V (H), we have from (16) that
f (NH [g, h])+ f (NG(g, h)) = f (NGH [g, h]) ≥ k. (17)
If f (NH [g, h]) ≥ k, we say that the vertex (g, h) is k-vertically dominated. Otherwise, we say that (g, h) is deficient, and we
define the deficiency of (g, h) by
X(g, h) = max{0, k− f (NH [g, h])}.
From (17) and f (NG(g, h)) ≥ 0, it is immediate that
X(g, h) ≤ f (NG(g, h)). (18)
Let A be a maximum independent set in G, with |A| = α(G). Define
X(A, h) =

a∈A
X(a, h), XA =

h∈V (H)
X(A, h),
and
fA,0 = f (A× V (H)), fA,1 = f ((V (G)− A)× V (H)) = γ{k}(GH)− fA,0.
Note that for g ∈ V (G), the function
η(g, h) = f (g, h)+ X(g, h), h ∈ V (H), (19)
is a {k}-dominating function of the subgraph Hg because for each h ∈ V (H),
η(NH [g, h]) ≥ f (NH [g, h])+ X(g, h) ≥ k,
by definition of X(g, h). By summing (19) over h ∈ V (H), we obtain
f ({g} × V (H))+

h∈V (H)
X(g, h) ≥ γ{k}(H), g ∈ V (G). (20)
Summing (20) over a ∈ A gives
fA,0 + XA ≥ α(G)γ{k}(H). (21)
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We shall next use (18) to find an upper bound for XA. Define
S(A, h) =

a∈A
f (NG(a, h)) =

a∈A

v∈NG(a,h)
f (v).
Then (18) gives that
X(A, h) ≤ S(A, h).
Consider the subgraph Gh, which is a copy of G. Since A is an independent set in G, we have
a∈A
NG(a, h) ⊆ (V (G)− A)× {h},
and each term in the double sum S(A, h) is f (v) for some v ∈ (V (G)−A)×{h}. As G is an induced K1,l-free graph, each vertex
v ∈ (V (G)− A)× {h} is adjacent to at most l− 1 vertices in {(a, h) : a ∈ A}. This means that for each v ∈ (V (G)− A)× {h},
the weight f (v) appears at most l− 1 times in the sum S(A, h), giving that
S(A, h) ≤ (l− 1)

g∈V (G)−A
f (g, h).
It therefore follows that
XA =

h∈V (H)
X(A, h) ≤

h∈V (H)
S(A, h)
≤ (l− 1)

h∈V (H)

g∈V (G)−A
f (g, h)
= (l− 1)fA,1. (22)
From (21) and (22), we have
α(G)γ{k}(H) ≤ fA,0 + (l− 1)fA,1 = (l− 1)γ{k}(GH)− (l− 2)fA,0.
This gives
γ{k}(GH) ≥ 1l− 1α(G)γ{k}(H)+
l− 2
l− 1 fA,0 ≥
1
l− 1α(G)γ{k}(H). 
Proof of Corollary 8. Define f , A, XA, fA,0 and fA,1, as in the proof of Theorem 7. In addition, let
I = {a ∈ A : f ({a} × V (H)) = 0},
and r = |I|, I¯ = A− I . Note that each vertex (a, h) ∈ I × V (H) is deficient and the deficiency is
X(a, h) = k.
Writing
XI =

(a,h)∈I×V (H)
X(a, h) and fI¯,0 = f (I¯ × V (H)),
we have
XI = kr|V (H)|,
and inequality (22) now becomes
(l− 1)fA,1 ≥ XA = XI¯ + XI = XI¯ + kr|V (H)|. (23)
In addition, we have
fA,0 = fI¯,0 ≥ α(G)− r. (24)
We next rewrite inequality (21) by summing (20) over a ∈ I¯ to get
fI¯,0 + XI¯ ≥ (α(G)− r)γ{k}(H). (25)
Since fA,1 = γ{k}(GH)− fA,0 and fA,0 = fI¯,0, inequality (23) now becomes
(l− 1)(γ{k}(GH)− fI¯,0) ≥ XI¯ + kr|V (H)|
≥ (α(G)− r)γ{k}(H)− fI¯,0 + kr|V (H)|,
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where the last inequality follows from (25). The above simplifies to
(l− 1)γ{k}(GH) ≥ α(G)γ{k}(H)+ kr|V (H)| − rγ{k}(H)+ (l− 2)fI¯,0,
which, using (24), becomes
(l− 1)γ{k}(GH) ≥ α(G)

γ{k}(H)+ l− 2
+ r k|V (H)| − γ{k}(H)− l+ 2 .
The result now follows from condition (11). 
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